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a b s t r a c t
For a graph G, κ(G) denotes its connectivity. The Kronecker product G1 × G2 of graphs G1
and G2 is the graph with the vertex set V (G1) × V (G2), two vertices (u1, v1) and (u2, v2)
being adjacent in G1 × G2 if and only if u1u2 ∈ E(G1) and v1v2 ∈ E(G2). Guji and Vumar
[R. Guji, E. Vumar, A note on the connectivity of Kronecker products of graphs, Appl. Math.
Lett. 22 (2009) 1360–1363] conjectured that for any nontrivial graph G, κ(G × Kn) =
min{nκ(G), (n− 1)δ(G)}when n ≥ 3. In this note, we confirm this conjecture to be true.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are finite and simple. For notation and terminology not defined here, we refer to
West [6]. Let us denote the connectivity and the edge-connectivity of a graph G by κ(G) and κ ′(G), respectively.
The Cartesian product G1G2 of graphs G1 and G2 is the graph with V (G1G2) = V (G1) × V (G2), in which two vertices
(u1, v1) and (u2, v2) are adjacent if and only if u1 = u2 and v1v2 ∈ E(G2) or if v1 = v2 and u1u2 ∈ E(G1). Špacapan [4]
proved that for any nontrivial graphs G and H ,
κ(G1G2) = min{κ(G1)|G2|, κ(G2)|G1|, δ(G1G2)}.
Xu and Yang [7] proved that
κ ′(G1G2) = min{κ ′(G1)|G2|, κ ′(G2)|G1|, δ(G1G2)}.
The Kronecker product G1× G2 of graphs G1 and G2 is the graph with the vertex set V (G1)× V (G2), in which two vertices
(u1, v1) and (u2, v2) are adjacent if and only if u1u2 ∈ E(G1) and v1v2 ∈ E(G2). Hence, it is clear that the degree of a vertex
(u, v) in G1 × G2 is equal to dG1(u)dG2(v).
Weichesel [5] proved that if G1 and G2 are two connected graphs, then G1 × G2 is connected if and only if G1 and G2
are not both bipartite graphs. Although there are many papers on the Kronecker product (sometimes called direct product,
tensor product, cross product, categorical product, or conjunction, etc.) of graphs, very few results on the connectivity of the
Kronecker product of graphs have been reported. Brešar and Špacapan [1] obtained some bounds on the edge-connectivity
of Kronecker products of graphs, and upper bounds on the connectivity of the Kronecker products of graphs. Mamut and
Vumar [3] showed that κ(Kn × Km) = (n− 1)× (m− 1) for any n ≥ m ≥ 2 and n ≥ 3. Very recently, Guji and Vumar [2]
showed that for any connected bipartite graph G and complete graph Kn with n ≥ 3, κ(G×Kn) = min{nκ(G), (n− 1)δ(G)}.
Moreover, they put forward the following conjecture.
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Conjecture 1.1. If G is a nontrivial graph, then
κ(G× Kn) = min{nκ(G), (n− 1)δ(G)}
for n ≥ 3.
In this note, we will prove that this conjecture is true.
2. The proof
Let us recall a basic concept. For a connected graph G, S ⊆ V (G) is a vertex cut if G–S is disconnected. The connectivity of
G, denoted by κ(G), is theminimum cardinality of a vertex cut of G if G is not a complete graph, otherwise κ(G) = |V (G)|−1.
We will use the well-known Hall’s Theorem.
Theorem 2.1 (Hall (1935)). If G is a bipartite graph with bipartition (X, Y ), then G has a matching that saturates X if and only
if |N(S)| ≥ |S| for all S ⊆ X.
The proof of the following lemma is trivial, so we omit it.
Lemma 2.2. Let H be a connected graph, and S a vertex cut. Let H1 and H2 be two components of G–S. Then |S| is not less than
the maximum number of internally vertex-disjoint paths connecting the vertices of H1 and H2.
In what follows, letm = |V (G)|, V (G) = {x1, x2, . . . , xm}, and put Si = {xi} × V (Kn) for 1 ≤ i ≤ m.
Lemma 2.3. Let H = G × Kn. Take two distinct nonadjacent vertices xi, xj ∈ V (G). Let a, b, c, d ∈ V (Kn), where a ≠ b and
c ≠ d. Set T1 = {(xi, a), (xi, b)} and T2 = {(xj, c), (xj, d)}. There are at least κ(G)n internally vertex-disjoint paths that join a
vertex of T1 and a vertex of T2 in H.
Proof. Let V (Kn) = {a1, a2, . . . , an}. Let P be a path connecting xi and xj in G. Label P as xixk1xk2 · · · xksxj. For each
p ∈ {1, 2, . . . , n}, there exists a path connecting a vertex of T1 with that of T2 in H in the following way:
if s is odd,
t1(xk1 , ap)(xk2 , ap+1)(xk3 , ap)(xk3 , ap+1) · · · (xks , ap)t2,
where
t1 =

(xi, a), if ap ≠ a
(xi, b), otherwise
t2 =

(xi, a), if ap ≠ a
(xi, b), otherwise
if s is even,
t1(xk1 , ap)(xk2 , ap+1)(xk3 , ap)(xk3 , ap+1) · · · (xks , ap+1)t2,
where
t1 =

(xi, a), if ap ≠ a
(xi, b), otherwise
t2 =

(xi, a), if ap+1 ≠ a
(xi, b), otherwise.
Note that in the above paths, if p = n, let us define p+ 1 to be 1.
It follows that for the path P , one can find n internally vertex-disjoint paths connecting a vertex of T1 with a vertex of T2
in H[V (P)× Kn]. Since there are at least κ(G) internally vertex-disjoint paths between xi and xj in G, in this manner one can
find κ(G)n internally vertex-disjoint paths between a vertex of T1 and a vertex of T2 in G× Kn. 
Lemma 2.4. Let H = G × Kn. For any two vertices (xi, a), (xi, b) ∈ Si, there are at least (n − 1)δ(G) internally vertex-disjoint
paths joining (xi, a) and (xi, b) in H.
Proof. For simplicity, let d = δ(G). Let T = {u1, u2, . . . , ud} ⊆ NG(xi). We consider the subgraph F = G[T ] of G induced by
T . Take a maximummatchingM of F . Let k = |M| andM = {u1u2, u3u4, . . . , u2k−1u2k}, without loss of generality. There are
d(n− 2) Type-I paths, and 2k Type-II paths joining (xi, a) and (xi, b) in H , as defined in the following.
Type-I paths: for any j ∈ {1, 2, . . . , d}, and any c ∈ V (Kn) \ {a, b},
Pjc = (xi, a)(uj, c)(xi, b).
Type-II paths: for any j ∈ {1, 2, . . . , k}, there are two kinds of paths,
Qj1 = (xi, a)(u2j−1, b)(u2j, a)(xi, b),
Qj2 = (xi, a)(u2j, b)(u2j−1, a)(xi, b).
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It is obvious that all the paths defined above are internally vertex disjoint. Moreover, if 2k = d, then there are
d(n− 2)+ 2k = d(n− 2)+ d = d(n− 1) = δ(G)(n− 1) Type-I and Type-II paths joining (xi, a) and (xi, b).
Next we suppose that 2k < d. Note that {u2k+1, u2k+2, . . . , ud} is an independent set in F (also in G). Also, each element
of {u2k+1, u2k+2, . . . , ud} has at least d− 2k− 1 neighbors in V (G) \ (T ∪ {xi}).
Define a bipartite graph Bwith bipartition (X, Y ) such that X = {u2k+1, u2k+2, . . . , ud} and Y = V (G) \ ({xi} ∪ NG(xi)). A
vertex of X and a vertex of Y are adjacent in B if and only if they are adjacent in G. Since dB(x) ≥ d− 2k− 1 for each vertex
x ∈ X , Hall’s Theorem assures that there is a matchingM ′B of B(X, Y )with size |M ′B| = d− 2k− 1, which covers d− 2k− 1
elements of {u2k+1, u2k+2, . . . , ud}.
Let us define Type-III paths joining (xi, a) and (xi, b) in H as follows. Without loss of generality, let M ′B = {ujvj|j ∈{2k+ 1, . . . , d− 1}}. Fix a vertex c∗ ∈ V (Kn) \ {a, b}. For any j ∈ {2k+ 1, 2k+ 2, . . . , d− 1}, there is a path between (xi, a)
and (xi, b) in H:
Rj = (xi, a)(uj, b)(vj, c∗)(uj, a)(xi, b).
Finally, we define a Type-IV path connecting (xi, a) and (xi, b) in H:
for a fixed vertex p ∈ V (Kn) \ {a, b} (such a vertex p exists, for n ≥ 3),
(xi, a)(ud, b)(xi, p)(ud, a)(xi, b).
Note that there are d(n − 2) paths of Type-I, 2k of Type-II, d − 2k − 1 of Type-III, and one path of Type-IV connecting
(xi, a) and (xj, b), and thus d(n− 2)+ 2k+ (d− 2k− 1)+ 1 = d(n− 1) = δ(G)(n− 1) paths in all, which are internally
vertex disjoint. 
Now, we are ready to prove Conjecture 1.1.
Proof of Conjecture 1.1. Let H = G× Kn. As δ(H) = δ(G)(n− 1), and by observing the fact that V ′ × V (Kn) is a vertex cut
of H with cardinality at least κ(G)n for any vertex cut V ′ of G, one immediately has κ(H) ≤ min{nκ(G), (n− 1)δ(G)}.
Next we show that κ(H) ≥ min{nκ(G), (n − 1)δ(G)}. By contradiction, suppose S is a vertex cut of H with |S| <
min{nκ(G), (n− 1)δ(G)}, and let H1,H2, . . . ,Ht be all components of H–S. The following claims hold.
Claim 1. Each component of H–S is nontrivial.
Since δ(H) = δ(G)(n− 1), Claim 1 trivially holds.
Claim 2. For any two components Hk and Hl, either V (Hk) ∩ Si = ∅ or V (Hl) ∩ Si = ∅ for each i ∈ {1, 2, . . . ,m}.
We show Claim 2 by contradiction. Assume that there exist integers k, l ∈ {1, . . . , t} and i ∈ {1, . . . ,m}, such that
V (Hk) ∩ Si ≠ ∅ and V (Hl) ∩ Si ≠ ∅. Take vertices (xi, a) ∈ V (Hk) ∩ Si and (xi, b) ∈ V (Hk) ∩ Si. By Lemma 2.4, there are at
least (n−1)δ(G) internally vertex-disjoint paths joining (xi, a) and (xi, b). By Lemma 2.2, |S| ≥ (n−1)δ(G), a contradiction.
Claim 3. |{Hk : |V (Hk) ∩ Sj| ≥ 2 for some j ∈ {1, 2, . . . , n}}| ≤ 1.
Now we show Claim 3 by contradiction. Suppose that there exists integers k, l ∈ {1, . . . , t} and i, j ∈ {1, . . . ,m} such
that |V (Hk) ∩ Si| ≥ 2 and |V (Hl) ∩ Sj| ≥ 2. By Claim 2, i ≠ j. Let (xi, a), (xi, b) ∈ V (Hk) ∩ Si and (xj, c), (xj, d) ∈ V (Hl) ∩ Sj,
where a, b, c, d ∈ V (Kn) with a ≠ b and c ≠ d. Set T1 = {(xi, a), (xi, b)} and T2 = {(xj, c), (xj, d)}. Since the elements of T1
and T2 are in different components of H–S, xixj ∉ E(G). So, it follows from Lemma 2.3 that there are at least κ(G)n internally
vertex-disjoint paths which join a vertex of T1 and a vertex of T2 in H . By Lemma 2.2, |S| ≥ κ(G)n, a contradiction. This
proves Claim 3.
Thus, Claim 3 implies that there is a component H1, say, of H–S, such that |V (H1) ∩ Si| ≤ 1 for each i ∈ {1, 2, . . . , n}.
Let L = {i : |V (H1) ∩ Si| = 1, i ∈ {1, 2, . . . , n}}. It is clear that |L| = |V (H1)|, and let l = |L|. Sincei∈L Si \ V (H1) ⊆ S, by
Claim 2, we have |i∈L Si \ V (H1)| = l(n − 1). Take a vertex w = (x, a) ∈ V (H1). Then NH(w) \i∈L Si ⊆ S, and hence|NH(w) \i∈L Si| ≥ (δ(G)− (l− 1))(n− 1).
Combining the above two inequalities, we conclude that |S| ≥ l(n−1)+(δ(G)−(l−1))(n−1) = δ(G)(n−1)+(n−1) ≥
δ(G)(n− 1), a contradiction. The proof is complete. 
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